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Abstract

We present results of concurrent maximum likeli-
hood restoration implementations with spatially-variant
point spread function (SV-PSF), exhibiting performance
superior to restoration with invariant PSF. We realize
concurrency on a network of Unix workstations, and a
SV-PSF model from sparse PSF reference information by
means of bilinear interpolation. We then use the inter-
polative PSF model to implement several di�erent SV-
PSF restoration methods. These restoration methods
are tested on a standard Hubble Space Telescope test
case, and the results are compared on a computational
e�ort/restoration performance basis.

1 Introduction

Consider an optical (intensity) �eld O(x0) incident
on an optical system as a function of the source point x0.
The optical system produces an image I(x), a function
of �eld point x. The impulse response or point-spread
function (PSF) of the optical system, P (x;x0), is in gen-
eral a function of both source and �eld location, and
relates O and I :

I(x) =

Z
O(x0)P (x;x0)dx0

P (x;x0) is interpreted as the probability density that a
photon incident from source location x0 intersects the
detector at �eld location x. Typically we measure a dis-
crete image Iq(xq), some average of I(x) over a discrete
grid xq . If we wish to estimate the original optical �eld
it is necessary to do it over a discrete source space x0q

1.
The quantized form of the imaging equation is:

Iq(xq) =
X
x

0
q

Oq(x
0
q)Pq(xq ;x

0
q) (1)

where Oq and Pq represent averaged values over the x
0
q

grid intervals.
Equation 1 and an assumption of Poisson photon

statistics is the basis for the Richardson-Lucy or Maxi-
mum Likelihood estimator for Oq(x

0
q) (Richardson 1972,

1The mapping between quantized source and �eld spaces is

arbitrary. However, it is convenient to consider the two spaces

quantized by the same grid | the discrete detector. This

convention will be used in this paper.

Lucy 1974). Richardson-Lucy is an iterative method
where two computations similar to Eq. 1 are performed
in each iteration. For large PSFs direct calculation of
Eq. 1 is computationally intensive, however considerable
savings are obtained if the PSF does not vary with source
and �eld location individually, but only as the di�erence:

Pq(xq ;x
0
q) = Pq(xq � x0q)

In this case the PSF is said to be spatially-invariant and
Eq. 1 is a (discrete) convolution, and can be e�ciently
computed in the Fourier domain. A spatially-invariant
PSF model and Fourier-domain convolution is the basis
for most practical implementations of the Richardson-
Lucy algorithm. However, when the PSF has signi�cant
spatially-variant character the assumption of a spatially-
invariant PSF in an estimation of Oq(x

0
q) can result

in signi�cant error. We are thus compelled to con-
sider implementations of Richardson-Lucy that relax the
spatially-invariant assumption (Adorf 1994). In one of
our constructions we allow the PSF to vary from pixel
to pixel, requiring that the convolutions be performed
in the spatial domain. As Richardson-Lucy is compu-
tationally intensive even with convolutions implemented
in the Fourier domain, a conventional single-processor
spatially-variant implementation is infeasible; a imple-
mentation that utilizes the large amount of concurrency
available in the method is dictated by practical consid-
erations.

2 Implementation

2.1 Spatially-Variant PSF Model

The e�cacy of any deconvolutional restoration tech-
nique is eventually limited by the �delity of the PSF.
In principle the PSF for any optical system is contin-
uously spatially varying across the focal plane. The
Hubble Space Telescope Wide Field/Planetary Cameras
(WF/PC-1 and WFPC-2, MacKenty 1992 and Burrows
1994 respectively) strongly exhibit this spatially-variant
PSF trait. In practice we are often limited in the num-
ber and coverage of the reference PSFs for a particular
image. We therefore have implemented an interpolative
PSF model that computes the PSF for an arbitrary im-
age location based on an (possibly irregular) grid of refer-
ence PSFs and a bilinear interpolation scheme (Press et
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al. 1986). This method assures continuity in our model
of the PSF across the focal plane with a sparse sam-
pling of reference data. In testing with computationally-
estimated PSFs we observe this interpolation model to
the follow the simulated PSF faithfully.

2.2 Concurrency in the Richardson-Lucy Method

Concurrency in the Richardson-Lucy method is ac-
complished most simply by a systematic division of the
image to be restored (Trussel & Hunt 1978b). Only pixel
values that are within the support of the PSF are inter-
dependent. Thus an arbitrary division of the image into
segments with appropriate overlapping guard bands al-
lows each segment to be processed independently. In
practice the minimum segment size is on the order of
the PSF diameter | this is driven by the surrounding
guard band which is a PSF radius in size.

To realize this concurrency our Richardson-Lucy im-
plementation uses the popular public-domain Parallel
Virtual Machine (PVM) communications package (Geist
1994). PVM allowed us to implement a Richardson-Lucy
restoration engine, and then spawn a large number of
these engines each restoring separate image sections on
a heterogeneous set of Unix workstations. Because PVM
has implementations on MPP multicomputers, the same
code is directly portable to machines such as the Intel
Paragon and Cray T3D.

2.3 Methodology

We consider three methods to accomplish a spatially-
variant PSF model. The �rst is simply a straightfor-
ward implementation of a fully spatially-variant PSF in
the Richardson-Lucy iterations utilizing the interpola-
tive PSF model (Method 1) (Cobb 1993). As stated
above, this requires Eq. 1 to be directly evaluated in
the data domain. The second method is to perform
Richardson-Lucy on individual image segments assum-
ing a constant PSF (Trussel & Hunt 1978a, 1978b), but
evaluate each segment PSF at the center of the segment
from the interpolative model, with the convolutions per-
formed in the Fourier domain (Method 2a). For ref-
erence we also include results of where the PSF is not
interpolated, but just set to the nearest available refer-
ence value (Method 2b). The third method is a vari-
ant of the Trussel & Hunt method proposed by Adorf
where the image is restored twice on segmentation grids
that are o�set from each other by half a segment size
(Adorf 1994) (Method 3). The output of this method
is a radial distance-weighted interpolation between the
two restored image estimates. This weighting makes the
interpolation between the two grids linear. Again, the
PSF within each of these segments is taken as spatially
constant, so convolutions are evaluated in the Fourier do-
main. Finally, as an additional reference we also restore
the entire image with a spatially constant PSF (Method
0). In all the restorations we use an accelerated imple-
mentation of Richardson-Lucy as the restoration engine
(Kaufman 1987, Holmes & Liu 1991, Hook & Lucy 1992).

2.4 Test Data

For test purposes we use a simulated observation of
a star cluster by the (pre-repair) Hubble Space Tele-
scope (HST) Wide Field/Planetary Camera 1 (WF/PC-
1) (Hanisch 1993). The simulated test case contains 470
stars on a 256�256 pixel section of a wide �eld CCD,
and includes shot noise and Gaussian CCD read noise
characteristic of WF/PC-1. The PSF of the WF/PC-1
is spatially-variant and broad in extent due to the aw
in the HST primary mirror. To model this e�ect the
test case comes with a �ve-by-�ve grid of 60�60 pixel
reference PSFs. The PSF reference grid uniformly cov-
ers the simulated image. Both the test case and the PSF
reference grid samples were calculated using the Space
Telescope Science Institute's HST PSF simulator, Tiny-
Tim (Krist 1994).

3 Results

Restorations of the simulated data were made with
spatially-invariant and spatially-variant PSF models with
our Richardson-Lucy code at three di�erent iteration
limits (n = 100, 200, 1000) by the variety of meth-
ods described above (except for the fully-varying spatial
domain convolution Method 1 | see below). For the
spatially-invariant restoration (Method 0), the PSF used
was the PSF corresponding to the center of the 256�256
image.

Both spatially-variant and spatially-invariant restora-
tions were seen to yield subjective improvement in im-
age quality. However, some residual artifact structure
is evident in the spatially-invariant restorations with re-
spect to the spatially-variant restorations and the truth
reference. Objectively we measured the restoration per-
formance using two scalar �gures of merit. The �rst is
the signal-to-noise ratio (SNR) between the restoration
estimate image and the truth reference image, de�ned
as:

SNR � 20 log

� P
i truthiP

i jtruthi � estimateij

�

where the sums are computed over all pixels. The second
is the average photometric accuracy for a selection of N
stars in the test case, de�ned as:

�PN � 1�

PN

i

jtruthi�estimateij
truthi

N

where the sum is computed only over star-occupied pix-
els. Both of these scalar metrics do not indicate biases,
so we additionally give star aperture photometric error
density contour plots after Busko (1994) in Fig. 1.

Piecewise constant PSF methods (methods 2a and 3)
are sensitive to the segment size chosen for the restora-
tion. Consequently, in Table 1 we report the rela-
tive computational e�ort (in units of the complexity of
Method 0), measured SNR, and photometric accuracy
performance for segmenting the input data in 32�32
pixel segments (plus appropriate guard bands). We sep-
arately report average photometric performance for all

2



470 stars in the test case, the 100 brightest stars, and
the 100 dimmest stars.

We ran the restorations on a suite of roughly 30
Unix workstations, a mixture of Sparc 2, 10, and 20
and SGI Extreme II machines. The fully spatially-
varying restoration requiring spatial-domain convolution
ran 100 iterations in roughly 28 hours | more than a
CPU-month on a single workstation. The corresponding
piecewise-constant single grid PSF restorations allowing
Fourier domain convolution ran in roughly 7 minutes.
This factor of roughly 225 di�erence in throughput per-
formance per iteration can be attributed to the large
di�erence in computational complexity between spatial
and Fourier domain convolution with the large PSFs of
this test case (60�60), and the in-line interpolation code
used to evaluate the PSF at arbitrary image location
from the sparse reference data.

It is clear from Table 1 that the usage of a spatially-
variant model (Methods 1, 2a, 2b, 3) yields superior
results to a constant PSF assumption (Method 0). It
is also clear that from the standpoint of a complex-
ity/performance tradeo� the interpolative spatial do-
main convolution method (Method 1) can be rejected in
favor of piecewise constant variants (Methods 2a, 2b, 3),
at least for optical systems with WF/PC-like variabil-
ity in their PSF. The use of the interpolative technique
to estimate the PSF at a �ner resolution than sparse
reference data (Method 2a vs. Method 2b) is also seen
to yield superior results at no additional computational
overhead (on the scale of the convolutions that dominate
these computations). Finally, the double-grid restora-
tion method suggested by Adorf (Method 3) is seen to
enhance performance over a single grid restoration at the
expense of roughly twice the computational e�ort.

The relative performance of the single grid (Method
2a) and double grid (Method 3) restorations suggest the
following question: how does the double grid method
compare to the single grid method at similar levels of
computational e�ort? Table 2 gives comparative data
between single grid method (Method 2a) run at 64�64,
32�32, 22�22, and 16�16 pixel (plus guard band) seg-
mentation, and the double grid (Method 3) performance
at 32�32 pixel segmentation from Table 1. In particu-
lar the single grid 22�22 pixel segmentation run corre-
sponds roughly with the complexity of double grid 32�32
pixel segmentation. As can be seen in Table 2, the single
grid restoration yields nearly identical (actually slightly
better) performance to the double grid restoration at the
same computational load. We also observe that contin-
uing to push the single grid technique did not result in
superior performance. This is evidence of a limitation of
the interpolative PSF model with the �ve-by-�ve PSF
reference grid in this test case. Additional PSF refer-
ence data would change the segmentation when this phe-
nomenon becomes apparent, and improve the restoration
results.

4 Discussion

Clearly in situations where the PSF is spatially-
variant, restorations that model this spatial behavior
will provide better subjective and objective performance.
In this work we have demonstrated massively concur-
rent Richardson-Lucy implementations with spatially-
variant PSF that exhibits superior �delity to a spatially-
invariant restoration in a WF/PC-1 test case. SNR im-
provements of roughly 8 dB are seen with (essentially)
no increase in computational load, and further computa-
tional e�ort improves the results. Massively concurrent
computational techniques provide the throughput nec-
essary to generalize the Richardson-Lucy algorithm to a
SV-PSF model in accessible runtimes using public do-
main software and ordinary hardware.

Several of us went into this e�ort with the expec-
tation that if enough computational power could be
brought to bear on the problem, a fully spatially-variant
PSF | necessitating convolutions evaluated in the spa-
tial domain | would yield superior results and justify
the additional e�ort (see Cobb 1993). Our results in-
dicate that this is de�nitely not the case. Indeed the
performance of the fully SV-PSF is slightly better than
the performance of the piecewise-constant method at
the same iteration count. However, the results in this
WF/PC-1 test case would indicate that the PSF does
not change enough on the scale of a few tens of pixels to
justify the massive additional e�ort; one is far better o�
trading a more accurate PSF model for a less accurate
one and more restoration iterations. This conclusion is
sensitive to the accuracy of the interpolative SV-PSF
model used in our testing. Given that we see the reso-
lution limitations of the interpolative PSF model in our
test it is conceivable (but unlikely) that this conclusion
would change.

Our results suggest that while Adorf-style double
grid restoration performs well, there is no performance
advantage over single grid restorations at similar com-
putational levels. However, the question of single grid
vs. double grid restoration is an interesting one, because
double grid results are sensitive to the form of the weight-
ing function used to compute the �nal result from the
two intermediate results (Adorf 1994). As mentioned
above, the interpolation weighting function used in these
results is essentially linear. This linear form is a reason-
able but not necessarily optimal choice, so it remains
an open question whether the double grid method is of
potential value in SV-PSF restoration.

The work described in this paper was performed at
the Jet Propulsion Laboratory, California Institute of
Technology under a contract with the National Aero-
nautics and Space Administration.
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R-L Restoration Number Relative SNR Photometric Accuracy (%)
Method Iterations Complexity (dB) All Stars Top 100 Bottom 100

None (Sim.Exp.) - - 0.7916 21.42 12.19 26.13
100 0.5 18.14 76.03 91.87 59.13

Method 0 200 � 1 18.47 77.95 92.72 60.03
1000 5 18.55 78.40 92.94 58.67

Method 1 100 112 25.00 78.52 93.86 61.43
100 0.5* 24.62 78.48 93.85 61.62

Method 2a 200 1* 26.26 81.34 95.05 64.78
1000 5* 26.74 82.15 95.41 65.26
100 0.5* 24.27 78.30 93.64 61.41

Method 2b 200 1* 25.86 81.18 94.80 64.66
1000 5* 26.34 81.95 95.16 65.10
100 0.5* 24.67 78.25 93.73 61.20

Method 3 200 2.3* 26.34 81.33 95.11 64.60
1000 11* 26.84 82.17 95.53 65.18

Table 1: Comparative restoration performance, WF/PC-1 star cluster test case. This table gives a performance
summary of the restoration cases described in this work. The relative computational complexity values are given in
units of the single PSF reference method (Method 0) runtime for 200 iterations on a 30 machine ensemble, roughly
15 minutes. The values with asterisks are approximate | in theory the PSF interpolation calculations add to the
computational load, but this is dominated by the convolution calculations in the restoration.

R-L Restoration Number Relative SNR Photometric Accuracy (%)
Method Iterations Complexity (dB) All Stars Top 100 Bottom 100

Method 2a 200 0.25 25.51 80.83 94.88 64.54
64�64 Seg. 1000 1.25 26.01 81.83 95.28 64.80
Method 2a 200 1 26.26 81.34 95.05 64.78
32�32 Seg. 1000 5 26.74 82.15 95.41 65.26
Method 2a 200 2.3 26.44 81.36 95.12 64.84
22�22 Seg. 1000 11 27.01 82.34 95.60 65.71
Method 2a 200 4 26.33 81.27 95.11 64.57
16�16 Seg. 1000 20 27.00 82.29 95.57 65.40
Method 3 200 2.3 26.34 81.33 95.11 64.60
32�32 Seg. 1000 11 26.84 82.17 95.53 65.18

Table 2: Comparative restoration performance, single grid vs. double grid SV-PSF methods. Here relative
performance numbers are given single grid SV-PSF restorations (Method 2a) at a variety of computational sizes, and
compared with the results of the double-grid method (Method 3). Again, complexity �gures are given in units of 200
iterations of Method 0. We �nd similar restoration performance for similar computational levels with both the single
and double grid method.
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Method 2b  200 Iterations
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Fig. 1.| Aperture Photometry Star Density Contours in Original and Restored Images. In these plots contours of
star intensity error vs. star intensity are given. A 2 pixel diameter aperture was used to measure each of the 470
stars in the test case. The x axes are given in relative magnitude, the y axes are in star magnitude residual (de�ned
in the sense that a negative residual corresponds to excess light in the aperture | usually due to crowding). Upper
Left: original simulated WF/PC-1 exposure. Upper Right: Method 1 after 100 iterations. Middle Left and Right:
Method 2a after 200 and 1000 iterations respectively. Lower Left and Right: Method 3 after 200 and 1000 iterations
respectively.
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