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Owing to uncertainties in the absolute detection ef®ciencies of the
telescope, however, the resulting distribution was not normalized.
Only the relative number of NEAs as a function of H was deter-
mined. To prevent duplication of any unknown computational
errors in the Spacewatch analysis, we do not incorporate any of
the software from that analysis into our new program. We also use
new algorithms to predict the position versus time of the NEAs and
to model the search pattern. In order to obtain comparable results,
however, we preserve the method used to assign ®ctitious NEA
orbits.

Figure 1 shows incremental values of N(H) for the total observed
NEA population, and for the complete population determined both
from our own analysis of the NEAT data and from the earlier
analysis of the Spacewatch data. Comparing the NEAT and Space-
watch results, it is apparent that the measurement of N(H) is
repeatable. Of the six magnitude ranges from H = 14±26 where
both curves extend, the curves deviate signi®cantly only from H =
18±20. A linear ®t to the NEAT curve in the range H = 16±22 is
consistent with both data sets.

This overall correspondence cannot easily be attributed to selec-
tion effects or analysis errors. Differences in the instrumentation,
survey pattern, area coverage, and the dependence of search ef®-
ciency on V and q would lead to different selection effects for the
two programs. If these were insuf®ciently accounted for, or if there
were computational errors in the analyses, the resulting curves
would have been affected differently.

The consistency between the NEAT distribution and the known
population for H , 16 (d . ,5 km) provides additional support
for our derivation. Because the known population of NEAs with H
, 16 is nearly complete (10 of the 12 NEAs with H , 16 detected by
NEAT were previously known, thus indicating a completeness
fraction of ,80%), any signi®cant discrepancy would have indi-
cated an error in the analysis.

To determine the magnitude of possible systematic errors, we
repeated our simulation assuming lower and higher values for the
limiting magnitude (V = 18.9 and V = 19.1) and for the phase
parameter (G = -0.03 and G = 0.40), thus covering the range of
uncertainty for these parameters. In all cases, the resulting N(H)
curves were similar to our nominal result, with the slope from H =
14±24 changing by less than 5%, and the value at H = 18 changing
by less than 14%.

To account for possibly uncorrected or improperly corrected
observational biases in our assumed orbit distribution, we repeated
the simulation once moreÐthis time choosing random orbits from
the total observed population of NEAs with H , 15 (41 bodies as of
July 1999, ref. 11). Since these larger NEAs have been surveyed to
near completion, their orbits are unbiased. On the other hand, their
representation of all the possible NEA orbits is sparse. Hence, any
deviations from our nominal derivation for N(H) represent an
upper limit to the possible errors. On the basis of this comparison,
we determine a systematic error of less than 3% in the average slope
of N(H), and less than 16% in the value at H = 18.

Taking into account both random and systematic errors, we thus
conclude that there are 700 6 230 NEAs with H , 18. This number
is about half the value of previous estimates; however, given both the
old and new uncertainties, we are marginally consistent with
previous lower limits. This decrease of a factor of two does not
substantially alter the signi®cance of the NEA hazard. We have
shown, however, that continuing, automated searches provide a
reliable means to characterize the size of the NEA population. We
can now con®dently predict the level of effort required to survey
completely those NEAs capable of global devastation.

Previous survey simulations show that the number of NEAs
remaining undiscovered will diminish nearly exponentially with
time, after an initial fast decay, if the detection rate of both known
and unknown NEAs is held constant8,12. For NEAs with high and
low albedos similar to the S- and C-type asteroids that dominate the

main belt, limit d . 1 km corresponds to limits H , 17.5 and H , 19.0,
respectively. Given the current yearly detection rates of 50 and 110 at
these limits (as of the 12-month period ending June 1999, see
ref. 11), and given our own estimates for the respective complete-
ness levels of the known population (51 6 17% and 26 6 8%), it will
take 7 6 4 and 22 6 14 years to reach 90% completion for these two
types. Since the NEAs have a broad range of spectral types for which
the associated albedos are largely spanned by C and S albedos13, the
time to 90% completion for all NEAs larger than 1 km is probably
close to the average for these two types, or 15 6 10 years. Doubling
the current world-wide detection rate would therefore lead to near
completion in the next decade. M
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The experimental realization of Bose±Einstein condensates of
dilute gases1±3 has allowed investigations of fundamental concepts
in quantum mechanics at ultra-low temperatures, such as wave-
like behaviour and interference phenomena. The formation of an
interference pattern depends fundamentally on the phase
coherence of a system; the latter may be quanti®ed by the spatial
correlation function. Phase coherence over a long range4±7 is the
essential factor underlying Bose±Einstein condensation and
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related macroscopic quantum phenomena, such as superconduc-
tivity and super¯uidity. Here we report a direct measurement of
the phase coherence properties of a weakly interacting Bose gas of
rubidium atoms. Effectively, we create a double slit for magneti-
cally trapped atoms using a radio wave ®eld with two frequency
components. The correlation function of the system is determined
by evaluating the interference pattern of two matter waves
originating from the spatially separated `slit' regions of the
trapped gas. Above the critical temperature for Bose±Einstein
condensation, the correlation function shows a rapid gaussian
decay, as expected for a thermal gas. Below the critical tempera-
ture, the correlation function has a different shape: a slow decay
towards a plateau is observed, indicating the long-range phase
coherence of the condensate fraction.

So far, experiments with condensed Bose gases have focused on
the coherence properties of almost pure condensates, prepared at
temperatures well below the critical temperature. First-order coher-
ence of a Bose condensed gas was qualitatively shown by observing
an interference pattern when two independent condensates were
brought to overlap8. Using a spectroscopic method it has also been
possible to show that the coherence length of the condensate is equal
to its size9,10. Aspects of second-order11 and third-order coherence12

of trapped condensates and the evolution of the relative phase
between two condensates in different spin states were also
explored13.

Here we probe the relative phase of the trapped gas between two
spatially separated `slit' regions. Each virtual slit region is selected by
the frequency of a weak radio wave ®eld that induces transitions
between magnetically trapped and untrapped atomic states. The
resulting output from the trap consists of two matter-wave beams
with different energies. As a result of gravity the beams are
collimated and propagate downwards. If the trapped atoms have a
coherence length that spans both slit regions, a matter-wave inter-
ference pattern is observed in a snapshot of the spatial distribution
of the emitted output beam, as shown in Fig. 1. The degree of spatial
coherence of the trapped gas is deduced from the fringe contrast of
the interference pattern, which is measured both as a function of
temperature and slit separation.

Let us ®rst consider the output wave emitted from a magnetically
trapped Bose±Einstein condensate when a radio wave with a single
frequency q is applied14. The magnetic ®eld B(r) of our trap15 gives

rise to a harmonic potential which con®nes the condensate into the
shape of a cigar, with its long axis oriented perpendicular to the
gravitational force. Because of gravity, the minimum of the trapping
potential is displaced relative to the minimum of the magnetic ®eld
(13 mm for our trapping parameters with a pure condensate having
a radial diameter of ,10 mm). Atoms are therefore predominantly
transferred into the untrapped state at the intersection of the
condensate with the shell that is determined by the electron spin
resonance condition 1=2mBjB�r�j � ~q, with mB being the Bohr
magneton14. Over the size of the trapped atomic cloud the height
at which the resonance condition is ful®lled varies only by a small
amount. The experimental situation is therefore well described by a
one-dimensional model: in the region of the condensate the output
waves can be approximated by Airy functions Ai(z), which are the
eigenfunctions of massive particles in the gravitational potential16.
These functions are characterized by an energy E = mgz0, where z0 is
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Figure 2 Measurement of the spatial coherence of a trapped Bose±Einstein condensate.

A radio-wave ®eld with two frequency components (red lines) transfers magnetically

trapped atoms (mF = -1) into untrapped states (mF = 0). Two matter wave beams (green

lines) are emitted from spatially separated locations in the trap, thereby effectively forming

a double slit. The beams are accelerated by gravity and overlap outside the trap so that an

interference pattern can be observed. A high contrast is detected if the trapped gas is

spatially coherent over both slit regions. The harmonic potential for the trapped state and

the linear potential for the untrapped state are modi®ed by the mean ®eld of the

condensate (blue lines).
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Figure 1 Interference pattern of matter-wave beams emitted from two spatially separated

regions of a trapped Bose gas. a±c, The absorption images show the spatial distribution

of the output beams for three different temperatures in false colours. For a temperature

well below the critical temperature Tc the spatially uniform phase of the condensate

results in a high-contrast interference pattern (a). When the temperature is increased to

just below Tc the contrast of the interference pattern is reduced (b), and it vanishes

completely for temperatures above Tc (c). Each of the images has a size of 0.6 mm x 2 mm.

The frequency difference between the two components of the radio-wave ®eld was

1,000 Hz, which corresponds to a slit separation of 465 nm. The plots next to the images

show 21-mm-wide vertical cuts through the centres of the absorption images. The

horizontal axes of the plots show the optical densities. We obtain the visibilities V by using

equation (1) to ®t the data.
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the apex of the corresponding classical trajectory, m the atomic
mass and g the gravitational acceleration. The scaled parameter z
is given by z � �z 2 E=mg�=l, with a natural length scale
l � �~2=2m2g�1=3. Outside the condensate region the asymptotic
behaviour of the outgoing matter wave fout is given by16: fout�z�~
jzj2 1=4exp�i�2=3�jzj3=2�. An output wave of sharply de®ned energy is
produced if the coupling into the untrapped state is weak and
sustained for a long enough period17. Such output coupling can be
described by a rate proportional to the square of the overlap integral
between the output state and the trapped-state wavefunction, where
the maximum contribution to the integral is localized in the region
determined by the resonance condition. For our trapping param-
eters the mean-®eld interaction energy of the condensate causes
only a slight distortion in the gravitational potential so that Airy
functions are a good approximation for the output waves.

The radio-wave ®eld applied in the experiment is composed of
two frequencies q and q9, coupling the trapped condensate to two
outgoing waves which have a difference in energy of DE �

~�q 2 q9�. This results in a spatial separation Dz � DE=mg between
the classical turning points of the corresponding Airy functions, as
illustrated in Fig. 2. Using the asymptotic approximation16, the
atomic density distribution nout of the output waves is given by:

nout�z� � jfout�z� � fout�z9�j2

~
1�����
jzj

p 2 � 2V cos�q
�����
jzj

p
� �v 2 v9�t�

n o �1�

Here the variable q is given by q � mDz
�����
2g

p
=~. The same

interference term is obtained when two point sources for atomic
de Broglie waves are considered that are positioned in the gravita-
tional potential with a distance Dz between them18. We have
additionally introduced the visibility V, which is equal to one for
the case of perfect coherence and equal intensities of the two waves.

The visibility becomes zero if the contrast of the observed inter-
ference pattern vanishes.

We produce samples of cold Bose gases using the same experi-
mental set-up and a similar procedure as described in our previous
work14,15. In brief, rubidium-87 atoms are trapped and cooled in a
magneto-optical trap. Then the atoms are optically pumped into the
hyper®ne ground state with the total angular momentum F = 1 and
the magnetic quantum number mF = -1. In this state the atoms are
magnetically trapped and further cooled to the desired ®nal tem-
perature by radio-frequency-induced evaporation. A very compact
magnetic trap is employed which combines the quadrupole with the
Ioffe geometry15. It is placed inside a magnetic shield enclosure so
that ®eld ¯uctuations due to the environment are reduced to a level
below 0.1 mG. The radial and axial trapping frequencies are
q' � 2p 3 140 Hz and qax � 2p 3 13 Hz, respectively. The trapped
clouds we produce typically contain four million atoms at the
transition temperature. To determine the temperature of the gas
we apply the usual time-of-¯ight technique19. We estimate the
absolute error of our temperature measurements to be 20 nK. The
shot-to-shot ¯uctuations in the temperature are below this value.

The matter-wave beams are extracted from the condensate over a
period of 13 ms, using a radio-wave ®eld with two frequency
components q and v9 of the same amplitude (0.4 mG 6 0.1 mG).
After a time delay of 2 ms the magnetic trapping ®eld is switched off
and the absorption image is taken another 3 ms later. We obtain the
fringe visibility V from a ®t of the absorption image using
equation (1), as illustrated in Fig. 1. In the experiments described
below we adjusted the radio frequencies q and q9 in such a way that
the slit regions are centred around the trap minimum. Within a
range of 4 kHz a simultaneous shift of both radio frequencies by the
same amount results in a change in the measured visibility by less
than 5%.

The fringe visibility as a function of temperature is shown in
Fig. 3. Above the critical temperature Tc the gas has a coherence
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Figure 3 Spatial coherence of the Bose gas above and below the transition temperature

Tc. The temperature dependency of the measured visibility is plotted for three different slit

separations. Above Tc (= 430 nK) the visibility is zero for slit separations of 600 nm (white

squares) and 325 nm (grey diamonds). A sudden increase in the visibility is detected when

the temperature drops below Tc. Close to T = 0 the visibility reaches a maximum value of

0.95. The visibility has a qualitatively different behaviour for a slit separation of 185 nm

(black circles). The visibility does not vanish at temperatures above Tc and the increase in

visibility below the transition temperature is less pronounced. This is because the

coherence length of the trapped gas at the transition temperature is larger than the slit

separation. The slit separations of 185 nm, 325 nm and 600 nm correspond to

differences of 400 Hz, 700 Hz and 1,300 Hz between the two frequency components of

the radio-wave ®eld. With increasing slit separation the fringe spacing in the interference

pattern becomes smaller (see equation (1)) and the visibility is reduced by the resolution

limit of our imaging system, which is 8 mm. The data points displayed in Fig. 3 do not take

this into account. Therefore the visibility appears to be lower for large-slit separations

even for almost pure condensates at T = 50 nK.
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Figure 4 Spatial correlation function of a trapped Bose gas. The fringe visibility is

measured as a function of slit separation for temperatures above and below the critical

temperature Tc. The white circles and white squares show the measurements for thermal

gases at temperatures of 450 nK and 290 nK, respectively. (To prepare a thermal gas at a

temperature of 290 nK we reduced the number of atoms in the trap to 106). The grey data

points (310 nK) and the black data points (250 nK) are the results obtained for

temperatures below Tc, where the visibility decays to a nonzero value due to the long-

range phase coherence of the condensate fraction. The decay of the visibility shows a

longer tail than would be expected for the corresponding de Broglie wavelength of the

thermal fraction. Both data sets are ®tted with a gaussian function and an offset. For the

temperature of 310 nK the last 11 data points are also ®tted with a function proportional to

1=Dz (dashed line) and an offset. The distortion of the gravitational potential due to the

mean ®eld of the condensate leads to an uncertainty in the slit separation between 3 nm

and 50 nm (see error bars). The data points displayed in the ®gure are corrected for the

reduction in visibility which is due to the limited resolution of our imaging system.
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length that is shorter than the slit separation, which was 325 nm in
this case. A sudden increase in the visibility is observed when the gas
is cooled below the critical temperature. For very low temperatures
the visibility reaches a value of almost one. The same characteristics
are observed for a slit separation of 600 nm. Qualitatively different
behaviour can be seen when the slit separation is reduced to 185 nm.
The slit separation is then smaller than the coherence length of the
thermal gas and the interference pattern is still visible above Tc.

A more detailed physical picture is obtained from the close
relation between the measured visibility V and the ®rst-order
correlation function, which is expressed by the density matrix
r(r,r9) of the system and characterises correlations between the
matter-wave ®eld at points r and r9:

r�r; r9� � hWÃ �
�r�WÃ �r9�i � w*�r�w�r9� � hdWÃ �

�r�dWÃ �r9�i �2�

On the right hand side of the equation the quantized boson ®eld
operator WÃ (r) has been decomposed into the condensate wavefunc-
tion w�r� � hWÃ �r�i and ¯uctuating part dWÃ (r). The condensate
wavefunction gives rise to a long-range phase coherence and the
¯uctuating part describes the correlations in the excitation spec-
trum. For a trapped ideal gas at ®nite temperature the correlation
function takes the form:

r�r; r9� �
k̂

Nku*k�r�uk�r9� �3�

Here Nk denotes the population of the energy eigenstates uk with
energy Ek (ref. 20). The ground state describing the condensate is
included in the sum.

The density distribution nout of the output matter waves can be
expressed in terms of the population of the trap eigenstates:

nout�z� ~
1�����
jzj

p
3

k̂

Nk�jÄukj
2
� jÄu9kj

2
� � 2cos�q

�����
jzj

p
� �q 2 q9�t�

k̂

Nk Äuk Äu9k

( )�4�
The overlap integrals between the trapped and output states,

which describe the coupling induced by the two frequencies q and
q9, are given by Äuk � eAi�zk�uk�z�dz and Äu9k � eAi�z9k�uk�z�dz. The
index k of the scaled parameters zk and zk9 indicates that the energies
of the Airy functions are given by Ek - ~q and Ek - ~q9, respectively.
The main contributions to the overlap integrals are localized at the
slit regions, where the trapped atoms are resonantly transferred into
untrapped states. The observed visibility V (see equation (1)) can
therefore be related to the density matrix and the correlation
function by

V �
2SkNk Äuk Äu9k

SkNk�jÄukj
2 � jÄu9kj

2�
<

r�z; z9�

r�z; z�
�5�

where it is assumed that the density of the trapped gas varies
negligibly between the slit regions z and z9. In a numerical calcula-
tion we have compared the correlation function of a thermally
populated one-dimensional harmonic oscillator with the expres-
sion for the visibility given in equation (5). We found excellent
agreement for the experimental parameters, as the length scale��������������
~=mq'

p
of the radial harmonic oscillator ground state is three

times larger than the length scale l of the Airy function.
The ¯uctuating term in the correlation function of an interacting

Bose gas at ®nite temperatures can be expressed in terms of the
quasi-particle excitations of the condensed gas21. In this case the
energy spectrum of the harmonic oscillator in equation (4) is
replaced by the quasi-particle excitation spectrum and the overlap
integrals are calculated using the mode functions of the quasi-
particle states.

In a second series of experiments we have measured the fringe
visibility as a function of slit separation in order to determine the
correlation function of the trapped Bose gas. The data sets are
displayed in Fig. 4 and show a clear distinction between condensed
and non-condensed gases. For temperatures above Tc the visibility
decays to zero as the slit separation increases, starting from an initial
value which is close to one. We have ®tted each set of data points
using a gaussian curve V � exp�2pDz2=w2� and obtained widths w
of 29466 nm and 37268 nm. Both values are , 5% larger than the
corresponding thermal de Broglie wavelengths lT of the gas, which
are 27866 nm and 346612 nm. A classical ideal gas should have a
correlation function of gaussian shape, with a width w given by the
thermal de Broglie wavelength lT �

��������������������������
2p~2=�mkBT�

p
, where kB is

Boltzmann's constant. The properties of the Bose±Einstein statistics
enhance the occupation of the low-energy states in a non-con-
densed gas resulting in a slower decay of the correlation function20,
as measured in our experiments.

Below the transition temperature Tc, the correlation function is
modi®ed in two signi®cant ways. First, the correlation function
decays from an initial value near unity to a plateau. The decay
characterises the contribution of the non-condensed fraction to the
correlation function and the visibility at the plateau is a direct
measure of the condensate fraction in the slit region. At the plateau
we have measured a visibility of 0.5260.03 for a temperature of
310 nK and 0.6860.03 for a temperature of 250 nK. Second, the
coherence length of the non-condensed fraction is found to be
substantially larger than the thermal de Broglie wavelength. We
®tted both data sets with gaussian functions plus constant offsets
and found widths of 428626 nm and 463616 nm for temperatures
of 310 nK and 250 nK, respectively. These widths are 28% and 24%
larger than the corresponding thermal de Broglie wavelengths,
which are 335611 nm and 373615 nm. The slower decay of the
visibility can be attributed to the long wavelength of the low-lying,
phonon-type excitations of the condensed Bose gas. When the slit
separation approaches the radial size of the condensate the correla-
tion function should decay to zero, due to the ®nite coherence
length of the condensate9,10.

For a homogenous Bose gas at temperatures below Tc, the
correlation function is predicted to decay towards an offset as
1=jr 2 r9j (ref. 22). The slit separations chosen for our measure-
ments are small compared to the size of the condensate ground
state, so that the observed behaviour should be similar to that of a
homogenous system. We ®tted the tail of our visibility data with a
function proportional to 1=Dz and found good agreement. Further-
more, our measurements are in good qualitative agreement with
numerical calculations presented in ref. 20, where the correlation
function for a condensed Bose gas in a trap was calculated.

In a further experiment we have analysed the reproducibility of
the interference pattern for a slit separation of 465 nm. For
temperatures between 50 nK and the critical temperature we
found a reproducible interference pattern, demonstrating that the
condensed fraction is not fragmented into independent conden-
sates.
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First-order structural phase transitions are common in crystalline
solids, whereas ®rst-order liquid±liquid phase transitions (that is,
transitions between two distinct liquid forms with different
density and entropy) are exceedingly rare in pure substances1±4.
But recent theoretical and experimental studies have shown
evidence for such a transition in several materials, including
supercooled water5±8 and liquid carbon9,10. Here we report an
in situ X-ray diffraction observation of a liquid±liquid transition
in phosphorus, involving an abrupt, pressure-induced structural
change between two distinct liquid forms. In addition to a known
form of liquid phosphorusÐa molecular liquid comprising tetra-
hedral P4 moleculesÐwe have found a polymeric form at pres-
sures above 1 GPa. Changing the pressure results in a reversible
transformation from the low-pressure molecular form into the
high-pressure polymeric form. The transformation is sharp and
rapid, occurring within a few minutes over a pressure range of less
than 0.02 GPa. During the transformation, the two forms of liquid
coexist. These features are strongly suggestive of a ®rst-order
liquid±liquid phase transition.

Phosphorus has a number of allotropes in the solid state11,12.
White P consists of tetrahedral P4 molecules, whereas black P is a
layered structure; red P is usually amorphous. In spite of the wide

variety of structures, the P atom is invariably threefold coordinated.
Each allotrope has a different melting temperature: white P melts at
44 8C while black P and red P melt at around 600 8C (ref. 11). It is
known that molten white P at 50 8C consists of P4 molecules13:
however, no structural study on liquid P at high temperatures has
been performed except for an ab initio simulation study, which
predicts a polymeric form at high temperatures14. Recent develop-
ments in synchrotron radiation technology and large-volume
presses enable us to investigate the structures of liquids under
high-pressure and high-temperature conditions15±18.

We have studied the structure of the melt of black P by an in situ
X-ray diffraction method at SPring-8, a new, third-generation
synchrotron facility in Japan. Figure 1 shows the experimental
paths in the pressure±temperature phase diagram of black P (refs
19, 20). The melting curve of black P has a maximum around 1 GPa,
though melting temperatures of most elements increase mono-
tonically as the pressure increases. In the region where the melting
curve has a negative slope, the volume of the liquid is less than that
of the solid. Hence, the occurrence of a maximum indicates an
anomalous decrease in the volume of liquid with an increase in
pressure: it has been related to the presence of different structural
species in the liquid21. In the present study, X-ray diffraction data on
the melt of black P were collected at several pressures below and
above the melting-curve maximum.

Figure 2 shows the structure factor, S(Q), at several pressures, as
obtained from X-ray diffraction data (here Q is the wavenumber).
There is a large difference between S(Q) below and above 1 GPa.
A prominent ®rst peak around 1.4 AÊ -1, which is characteristic of
S(Q) at low pressures, disappears at high pressures. A new maxi-
mum around 2.45 AÊ -1 appears above 1 GPa. On the other hand,
S(Q) at 0.77 GPa is almost identical to that at 0.96 GPa, and S(Q) at
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Figure 1 Experimental paths in a previously reported19,20 phase diagram of black P. High-

pressure and high-temperature conditions were generated using a cubic-type multi-anvil

press (SMAP180) installed on BL14B1 at the SPring-8 synchrotron facility. The sample

assembly was similar to that used to determine the melting curve of black P (ref. 19). The

sample capsule was made of BN, and the temperature was monitored by a thermocouple.

When thermocouples broke down under high temperature, temperature was determined

by the relation between the electric power of the heater and temperature obtained from a

number of experiments under the same conditions. Pressure was determined from the

lattice constant of BN (ref. 28). The absolute error in the temperature determination is

about 650 8C and that of the pressure is about 60.1 GPa. Starting materials were either

red P or black P. Red P transforms to black P under high pressure and high temperature

before it melts. The samples were supplied by Akahama29. The circles (squares) indicate

data points where the low-pressure form (high-pressure form) was observed. The low-

pressure form was obtained by melting black P at 0.77 GPa (point A). The pressure was

then increased and an abrupt change in the diffraction pattern was observed between

data points B and C. A reverse change was observed between data points C and D when

the pressure was decreased. The high-pressure form was obtained by melting black P

above 1 GPa (points E and G). The abrupt change in the diffraction pattern was observed

between data points E and F. The dashed line indicates the boundary.


